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Estimating Turbulent Heat Fluxes With a
Weak-Constraint Data Assimilation Scheme:

A Case Study (HiWATER-MUSOEXE)
Tongren Xu, S. Mohyddin Bateni, and Shunlin Liang, Fellow, IEEE

Abstract—A weak-constraint variational data assimilation
(WC-VDA) scheme was developed to estimate turbulent heat
fluxes by assimilating sequences of land surface temperature mea-
surements. In contrast to the commonly used strong-constraint
VDA system, the WC-VDA approach accounts for the effects of
structural and model errors and generates better results. This is
achieved by adding a model error term (ω) to the surface energy
balance equation. The WC-VDA model was tested at two sites with
very distinct hydrological and vegetated conditions: the Daman
site (a wet site located in an oasis area and covered by seeded
corn) and the Huazhaizi site (a dry site located in a desert area
and covered by sparse grass). The two sites represent typical
desert–oasis landscapes in the middle reaches of the Heihe River
Basin, northwestern China. The results proved that the WC-VDA
method performed well over very dry and wet conditions, and
the estimated sensible and latent heat fluxes agree well with eddy
covariance measurements.

Index Terms—Evapotranspiration, land surface temperature
(LST), latent heat flux, sensible heat flux, weak-constraint vari-
ational data assimilation (WC-VDA).

I. INTRODUCTION

THE magnitude of turbulent heat fluxes, particularly latent
heat flux (LE), is the most important component of the

water cycle in arid regions. Flux towers have been established
to measure turbulent heat fluxes across the world [1]–[3]. How-
ever, flux tower stations are sparsely distributed on different
continents and have only measured surface fluxes over a limited
time period because these measurements are expensive and dif-
ficult. Consequently, a number of models have been developed
to estimate turbulent heat fluxes in a more convenient way.

Land surface temperature (LST) is an important variable
in land surface energy balance (SEB) processes [4], and it
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has been effectively estimated from satellite observations [5].
With LST data, different models for the retrieval of turbulent
heat fluxes can be divided into three main groups. In the first
group, turbulent heat fluxes can be obtained using the empirical
relationships between the LST and vegetation indexes [6], [7].
The second group estimates turbulent heat fluxes by solving the
SEB equation [8]–[10]. Both groups can estimate turbulent heat
fluxes at the regional scale, but they are not able to generate
temporally continuous surface heat fluxes. In fact, these two
groups of methods can only obtain surface heat fluxes for
instances in which LST observations are available.

The third group estimates turbulent heat fluxes by assimi-
lating LST observations into the SEB equation or land surface
models [11]–[22]. This group takes advantage of the significant
amount of information contained in the temporal variations of
LST measurements and estimates surface heat fluxes even for
instances in which LST observations are not available. By as-
similating the sequences of LST observations, the SEB equation
can be resolved by optimizing its two key unknown parameters,
i.e., neutral bulk heat transfer coefficient (CHN ) and evapo-
rative fraction (EF ). CHN scales the sum of turbulent heat
fluxes, and EF scales their partitioning. The variational data
assimilation (VDA) scheme utilizes the force-restore equation
as the constraint [11]–[17]. However, the force-restore equation
is simple, parsimonious, and can lead to erroneous surface
heat flux predictions [18]. Recently, the VDA scheme has been
significantly advanced by using the full heat diffusion equation
as a physical constraint instead of the force-restore equation to
improve the surface heat flux estimates [18]–[20].

Most studies in the third group used “strong-constraint” VDA
(SC-VDA) schemes that assume that the model structure is
perfect and that the input data are not noisy. However, there are
many uncertainties in the model structure and input variables.
The inclusion of model error term (ω) gives the VDA scheme
the ability to capture the errors caused by the model structure
and the noisy data. Thus, in this letter, a weak-constraint
VDA (WC-VDA) scheme is used to capture errors in the SEB
equation. The WC-VDA system does not allow the errors to
adversely affect the optimization scheme, and it improves the
surface heat flux estimates.

This letter is conducted over the middle reach of the Heihe
River Basin (HRB), which is located in northwestern China.
The HRB is an inland river basin, and a desert–oasis system
constitutes the typical land surface features of the middle reach.
Moreover, the oasis system consumes a considerable amount
of HRB water, and the magnitude of the Heihe River water
consumption is crucial to local agricultural economics.
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II. METHODOLOGY

A. Heat Diffusion Equation

The ground temperature at a depth of z and at time t, i.e.,
T (z, t), is given by the heat diffusion equation as

c
∂T (z, t)

∂t
=

∂

∂z

(
λ
∂T (z, t)

∂z

)
(1)

where c and λ are the soil volumetric heat capacity [in
(J · m−3 · K−1)] and the thermal conductivity [in (W · m−1 ·
K−1)], respectively.

To solve the heat diffusion equation, its boundary conditions
at the top and bottom of the soil column need to be specified.
The boundary condition at the top of the soil column, i.e.,
T (z = 0, t), is retrieved from the surface boundary forcing
equation, i.e., λ dT (0, t)/dz = −G(0, t). The soil temperature
at a depth of 0.3–0.5 m is almost invariant over a day [23].
Therefore, a Neumann boundary condition is used at the bottom
of the soil column, i.e., dT (z = 0.5 m)/dz = 0.

B. SEB Equation

The SEB equation with model uncertainty (ω) can be
written as

G(0, t) = Rn −H − LE − ω(t) (2)

where Rn is the net radiation [in (W · m−2)], H and LE are the
sensible and latent heat fluxes [in (W · m−2)], respectively, and
ω(t) is an unknown model error term. It is added to the SEB
equation to account for the model and observation errors. The
calculation of Rn can be found in [18].

Sensible heat flux (H) can be calculated via

H = ρacpCHU(T − Ta) (3)

where ρa is the air density [in (kg · m−3)], cp is the heat capacity
of air (1012 J · kg−1 · K−1), U and Ta are the wind speed [in
(m · s−1)] and the air temperature (in kelvins), respectively, and
CH is the bulk heat transfer coefficient (-). Bulk heat trans-
fer coefficient (CH) mainly depends on landscape conditions
and atmospheric stability. Bulk heat transfer coefficient CH

is related to neutral bulk heat transfer coefficient (CHN ) and
stability correction function (f) via [13]

CH = CHNf(Ri) = CHN

[
1 + 2(1− e10Ri)

]
(4)

CHN depends on the geometry of the land surface, varies on the
time scale of vegetation phenology (monthly), and constitutes
the first unknown parameter of the WC-VDA scheme [13]–[15],
[17]–[20]. Ri is the Richardson number and is obtained accord-
ing to the work in [14].

Evaporative fraction (EF ) is the second unknown parameter
of the WC-VDA scheme and is almost constant for the near-
peak radiation hours on days without precipitation [24]. It can
be defined as

EF =
LE

(H + LE)
. (5)

Latent heat flux (LE) can be obtained via

LE

H
=

EF
1− EF

. (6)

This letter uses a big leaf approach as LE in (6) is the total
latent heat flux from the bulk canopy and soil and not from a
single leaf and soil.

C. Cost Function

To estimate unknown parameters (CHN and EF ) and model
error term (ω) in the WC-VDA scheme, cost function J is
defined as follows:

J(T,R,EF,Λ, ω)=

N=30∑
i=1

t1=1800∫
t0=0900

[Tobs,i(t)−Ti(t)]
T

×K−1
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+

N=30∑
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× ωi(t
′)K−1

ω (t′, t′′)ωi(t
′′)dt′dt′′. (7)

The first term on the right-hand side of the cost function
represents the misfit between LST observations (Tobs) and
model predictions (T ) over the whole data assimilation period
(N = 30 days). The assimilation window of [0900–1600 local
time] is used, for which EF is assumed to be invariant. To
make CHN always positive and physically meaningful, it is
related to R via CHN = exp(R). R′ and EF′ are prior estimates
(their initial values are specified for the first iteration). The
second and third terms represent the misfit between the R
and EF estimates and their prior values, respectively. CHN

is assumed to be constant over the entire monthly assimilation
period (N = 30 days). The data assimilation scheme finds the
optimum values of R and EF by minimizing the difference
between the LST observations and the predictions. Following
the work in [18], R′ and EF ′ are set to −5 and 0.7, respectively.
K−1

T , K−1
R , and K−1

EF are constant numerical parameters and
are set to 0.01 K−2, 1000, and 1000, respectively [18]. For
detailed information on the impact of K−1

T , K−1
R , and K−1

EF on
the performance of the model, see [18].

The fourth term is the heat diffusion equation, which is
adjoined to the cost function (as a physical constraint) via
Lagrange multiplier Λ. l is the depth of the bottom boundary
condition and is set to 0.5 m [18], [20], [23]. The last term
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accounts for model error (ω(t)) and minimizes the deviation
from the prior value. Following the works in [25] and [26], an
exponential structure for the model error covariance is used as
follows:

K−1
ω (t′, t′′) = σ2

ω exp (|t′ − t′′|/τ) (8)

where σω is the standard deviation of the model error
(100 W · m−2 in this letter), and τ is the decorrelation time scale
(6 h in this letter) [18]. This kind of error covariance model is
typically used when the covariance structure of errors is poorly
known. The optimal values for CHN , EF , and ω are obtained
by minimizing the cost function (i.e., setting its first variation
equal to zero, i.e., δJ = 0). Setting δJ = 0 leads to a number of
equations (called the Euler–Lagrangian equations) that should
be solved simultaneously. See [18] for a complete set of the
Euler–Lagrangian equations.

III. DATA SETS

The WC-VDA scheme is tested at two sites in the middle
reach of the HRB, northwestern China: One site is an oasis
site that is covered by seeded corn (a wet/densely vegetated
site), and the other is a desert site that is covered by grass
(a dry/sparely vegetated site). The oasis and desert sites are
called Daman and Huazhaizi, respectively. These sites with
distinct hydrological and vegetated land surfaces represent the
typical land characteristics of the HRB. The data used in this
letter are sourced from the Multi-Scale Observation Experi-
ment on Evapotranspiration over heterogeneous land surfaces
of the Heihe Water Allied Telemetry Experimental Research
(HiWATER-MUSOEXE) [3], [27].

The sensible and latent heat fluxes are measured by an
eddy covariance (EC) instrument and are used to validate the
WC-VDA estimates. The methods of data processing and qual-
ity control of turbulent heat flux data can be seen in [1] and [2].
All the micrometeorological and flux data were measured every
30 min. The model was run in 30-min time steps during Julian
days 159–248 in 2012.

Soil volumetric heat capacity (c) and thermal con-
ductivity (λ) are set to 2.43× 106 (J · m−3 · K−1) and
1.99 (W · m−1 · K−1) at the Daman site. The corresponding val-
ues are 1.76× 106 (J · m−3 · K−1) and 1.33 (W · m−1 · K−1),
respectively, at the Huazhaizi site. These values are obtained
based on the soil texture and moisture measurement at these
sites [28]–[30].

The micrometeorological data (including wind speed, air
temperature, and incoming shortwave radiation), LST observa-
tions, and soil thermal properties constitute the inputs of the
WC-VDA system.

IV. RESULTS

CHN and EF are two key parameters in the SEB scheme,
as explained in Section II. These two parameters are obtained
via the WC-VDA framework. The CHN parameter is estimated
for each 30-day period, and the EF parameter is estimated for
each day [14].

At the Daman site, the estimated CHN values are 2.5×
10−3, 7.5× 10−3, and 6.9× 10−3 in monthly periods 159–188,
189–218, and 219–248, respectively. The corresponding CHN

Fig. 1. Evaporative fraction (EF ) estimates from the WC-VDA scheme
during Julian days 159–248 in the Daman and Huazhaizi sites.

estimates are 1.6× 10−3, 1.9× 10−3, and 1.8× 10−3 at the
Huazhaizi site. The measured leaf area index (LAI) values in
the three monthly periods are 2.2, 4.3, and 3.3 m2m−2 for
the Daman site (0.2, 0.3, and 0.3 m2m−2 for the Huazhaizi
site). The changes in the estimated CHN values are consistent
with the variations in the LAI at both sites. For example, at
the Daman site, the estimated CHN value in the first period
was lower than that in the other periods. In the first period,
the seeded corn was in its early growing stage, and the LAI
was low. Additionally, the CHN estimates at the Daman site
(a densely vegetated site with large LAI values) are larger than
the corresponding estimates at the Huazhaizi site (a sparsely
vegetated site with low LAI values). Overall, the results show
that the CHN estimates are positively correlated with the veg-
etation phenology. Although no information on vegetation was
used in the WC-VDA scheme, CHN can be well estimated with
the sequences of LST observations.

The estimated evaporative fraction (EF ) values from the
WC-VDA scheme are compared with the EF observations
in Fig. 1. The estimated EF values from the model agree
well with the observations at the Huazhaizi sites in terms of
the magnitude and day-to-day dynamics. The model tends to
slightly underestimate EF at the Daman site. When the soil is
very wet, the sensible heat flux can become negative. This leads
to EF observations larger than unity [see (5)]. However, EF
in the WC-VDA scheme is set to be less than 0.97 to prevent
numerical instabilities, which causes the EF estimates to be
smaller than the observations.

No soil moisture or precipitation data were used in the
WC-VDA scheme. However, the estimated EF can capture the
wetting and drydown events. For example, at the Huazhaizi site,
the estimated EF sharply increases when precipitation occurs
(e.g., Julian days 169, 179, 188, 198, 202, 211, 219, 225, 230,
and 244). However, after these days, the land surface quickly
becomes dry, and the estimated EF decreases accordingly.

Fig. 2 compares the half-hourly turbulent heat flux estimates
with the EC measurements at the Daman and Huazhaizi sites.
The Daman site is a seeded corn site located in an oasis area
with a low sensible heat flux and a high latent heat flux (evap-
otranspiration and ET), and the Huazhaizi site is a desert site
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Fig. 2. Comparison between half-hourly modeled and measured sensible and
latent heat fluxes in the (top) Daman and (bottom) Huazhaizi sites.

TABLE I
BIAS AND RMSE OF HALF-HOURLY SENSIBLE AND LATENT HEAT FLUX

ESTIMATES FROM THE WC-VDA AND SC-VDA SYSTEMS

beside the oasis with a high sensible heat flux and a low latent
heat flux. Fig. 2 implies that the WC-VDA scheme works well
at these two sites with contrasting ecological and hydrological
conditions. The estimated sensible and latent heat fluxes (H
and LE, respectively) agree well with the EC measurements
at both the Daman and Huazhaizi sites, and the scatter plots
mainly fall around the 1:1 line. At the Daman site, the bias
(RMSE) is 10.9 W · m−2 (31.5 W · m−2) for the sensible heat
flux and −18.4 W · m−2 (86.4 W · m−2) for the latent heat
flux. At the Huazhaizi site, the H and LE estimates have a
bias of 1.5 W · m−2 and a bias of 20.6 W · m−2, respectively.
The corresponding RMSEs are 35.5 and 64.5 W · m−2. The
statistical metrics indicate that the WC-VDA is a feasible
approach for estimating surface heat fluxes.

The performance of the WC-VDA system is compared with
that of the SC-VDA approach, and the results are presented in
Table I. As shown, the WC-VDA system outperforms the SC-
VDA approach and decreases the RMSE of the LE estimates
from 89.1 to 86.4 W · m−2 at the Daman site and from 80.2
to 64.5 W · m−2 at the Huazhaizi site. These results clearly il-
lustrate that incorporating the model error term within the VDA
system enables us to account for the structural model errors, the
noise in the micrometeorological forcings, and the uncertainties
due to the inaccurate specification of input parameters such as
soil thermal properties, albedo, etc.

Fig. 3. Daytime-averaged turbulent heat flux estimates from model estimates
(the solid line) compared with the ground measurements (the open circles) in
the Daman and Huazhaizi sites.

Fig. 3 shows the daytime-averaged (0900–1800) sensible and
latent heat flux estimates at the Daman and Huazhaizi sites.
The flux observations are also shown in this figure. As illus-
trated, the estimated turbulent heat fluxes agree with the ground
measurements. This figure implies that the WC-VDA scheme
can yield reasonable flux estimates with sequences of LST
observations. It is worth mentioning that, during Julian days
179–240, the WC-VDA generally overestimates the sensible
heat flux at the Daman site.

There are several reasons for the discrepancy between the
surface heat flux estimates and the measurements. Soil thermal
conductivity (λ) and heat capacity (c) are assumed to be
constant during the whole data assimilation period; neutral bulk
heat transfer coefficient (CHN ) is presumed to be constant
every 30 days; and evaporative fraction (EF ) is assumed to
be constant in each day. In addition, there are uncertainties
in the EC-measured sensible and latent heat fluxes. The un-
certainties (RMSE) of the EC measurements were accessed
during HiWATER-MUSOEXE [3]. The uncertainties (RMSE)
of the sensible heat flux are 7.62 W · m−2 for the Daman site
(No. H5) and 13.4 W · m−2 for the Huazhaizi site (No. H14);
the corresponding uncertainties (RMSE) in the latent heat
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fluxes are 4.36 W · m−2 for the Daman site (No. LE5) and
4.22 W · m−2 for the Huazhaizi site (No. LE14).

V. CONCLUSION

Turbulent heat fluxes are estimated at the Daman (oasis) and
Huazhaizi (desert) sites in the middle reach of the HRB with
a WC-VDA scheme. The estimated half-hourly flux estimates
agree well with the EC measurements. The bias (RMSE) is
10.9 W · m−2 (31.5 W · m−2) for the sensible heat flux and
−18.4 W · m−2 (86.4 W · m−2) for the latent heat flux estimates
at the Daman site. At the Huazhaizi site, the biases (RMSEs) of
the sensible and latent heat flux estimates are 1.5 W · m−2 (35.5
W · m−2) and 20.6 W · m−2 (64.5 W · m−2), respectively. The
changes in the estimated neutral bulk heat transfer coefficients
(CHN ) for different monthly periods are consistent with varia-
tions in vegetation phenology. The evaporative fraction (EF )
estimates have day-to-day fluctuations consistent with those
of the observations, although no precipitation or soil moisture
observations were used in the WC-VDA scheme. One reason
for the model estimate errors may be caused by the assumptions
of constant soil thermal properties (λ and c) and constant model
parameters (CHN and EF ) in the WC-VDA scheme. Another
reason for the misfit between the model estimates and the
observations can be ascribed to measurement errors [3].

Compared with the SC-VDA scheme, an error term that
accounts for model errors was added to the VDA scheme. The
developed WC-VDA scheme performs well over distinct hydro-
logical and vegetated conditions. Future studies should focus
on improving the surface heat flux estimates by assimilating the
soil moisture or precipitation data within the WC-VDA scheme.
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